
Question 4

Let d ≥ 0 be an integer and V be a (2d + 1)-dimensional complex linear space
with a basis

{v1, v2, · · · , v2d+1}.

For an integer j
(
0 ≤ j ≤ d

2

)
, write Uj for the subspace generated by

v2j+1, v2j+3, · · · , v2d−2j+1.

Define a linear transformation f : V → V by

f(vi) =
(i− 1)(2d+ 2− i)

2
vi−1 +

1

2
vi+1, 1 ≤ i ≤ 2d+ 1.

Here we put v0 = v2d+2 = 0.

1. Show that eigenvalues of f are −d,−d+ 1, . . . , d.

2. WriteW for the sum of eigenspaces of f of eigenvalues −d+2k (0 ≤ k ≤ d).
Find the dimension of W ∩ U0.

3. For any integer j
(
1 ≤ j ≤ d

2

)
, find the dimension of W ∩ Uj .
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